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Qxxz(ATPA)_1

S = 0Z O = 0.0005 0.0003
XX 7 To XXX 10,0003 0.0006

T 4 siaaaall Ay Ll eabiall s sladls Jaalaall &y puaal) asill (g jlunal) Gl ai¥) ad Cuia
oy = 0.021m

6 = 0.025m

AV Aalaally Liayl e s O (S | J e Y (bl ol a2k sl
5\xl= 53\/%

Ak guzadll sla ;3 (Covariance Matrix Zi7) 484 48 sieae sl
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0.0005 -0.0002 -0.0003
Sit=02 A(ATPA)A"= [-0.0002 0.0005 -0.0003
-0.0003 -0.0003 0.0006

i il e dda sacadl) EON ala 3 2 0.025 52 0.022 5 0.022 (s sest

il al) £ gana JBI 48y oy Jasall (B Aaddiiceal) clBMal) gLk
X=(ATPA)TATPC a8l zlusul -]
nopvi=VIPV=(AX-C)'P(AX-C)=(X"AT-CP(AX-C)

= X"ATPAX-X"ATPC-CTPAX-C'PC
Ol (scalar) aaxe dad XT ATP C el of Loy
XTATPC=(X"ATPC)"=C"PAX
RSP e
nopvi= XTATPAX-2CTPAX-CTP C

Apnailly Alsladll (e a1 Calall 1Y) AGEa a3 B0 povZ=minimum bl sl
(SIS Ldialls L sl 5 X daalaal) 4l

2X"ATPA-2CTPA=0
X"ATPA=C'PA
(ATPA)X=A"PC
X=(A"TPA)TATPC

Sux=0; (ATPA)! d8dall zlia) -2

X=(A"PA)TA'PC

reUad 1 JlEn) o il sty
Qux=(ATPA)TATP Q. [(ATPA)TATP]T
Qux=(A"PA)*TA'P QL PAATPA)!
Qux=(A"PA)TATPPTPAATPA!

16
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Qux=(ATPA)TATPAATPA)?
z:xngz Qxx = Eg (ATPA)_l

Yii= o A(ATPA)TAT A 2l 23

L

L+V
L=L+(AX-C)
L=L+[AX-(L-D)]
L=AX+D
relad¥) JUl () 5l aladiuly
Qi =A Qxx A’
Qii=A(ATPA)'AT
Sii=o2 Qi AT =2 A(ATPA)TAT

Gl e (o Adaail A ) e Hhaill Cijeay 40 e 4S5 6 e dasend Sy il Jdll
Jarll ana 3y 3 Lalasl) g &l jlal) 2ae aga)\@d‘;m Gl Lenlie Clas ) L8330 g ga
CATPA  siadll G Saall sy A dala s - sl

(B (e A ganay yay adiicas had ] cBlalaa slagl) 2 Jlia
oo LS Tl Y (X, y) Sl Al cililan) bl Jaxs
P1 (1,95, p.(2,9.0), ps(3,80), ps(4,7.5)

GUAS g Lalaal) o2a (y Jay e Jad Juadl ) yrie ) Uadld) (e 40 x clilan) o (2 i

bsaduay=ax+h afiud hall il s sa 330) aa ) Vol 4 4US Y i &5 sl
((sUadY) Jaint ady 5 A0 a8 X ) Jlie V) (8 (340 5 sl adll < yuaiia

yitvi=ax;+h 95+vi=ax;+b
Yo+tVo=ax,+h = 90+v,=ax,+b
ystVvs=axzth 80+vs=axs+Dh
YatVi=aXxXsth 75+v,=ax,+b

17
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(e Jast Matrix Form <l sias s ) a8 daiUll C¥aleal) e il

9.5 V1 11
9.0 vzl |2 1fra
8.0+V3_31[b]

7.5 V4 41
C +Vv= A X
X (Solution vector) = (ATA)* AT C

11 9.5
X 1234]21 1234]T9.0
1111431 11111 18.0
41 7.5
_ 0.2 -0.57[81.57_ [-0.70
X_[-o.s 1.5] [34.0]— [10.25
[0.05]
: -0.15
V (Vector of residual errors) = AX -C = 0.15
-0.05

9.55
8.85
8.15
7.45

L (Adjusted vector of observations) = L+V =

(S AL add) y ga) cBlalan dlag) 3 b
(SIS (XY) 5 (Xy) Sl il claa) el o gaill e 53U Y aleall axs
X' = ax + by +c
y' = -bx + ay +d
romeaill (e JS 8 Jalis ¢ Cililan il Liagl ase
X; = 11.35, y; = - 83.34 X;'=150.02, y,'= 66.82
X, = T4.77, y,= -270  x,'=210.08, y,' = 150.01

18
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X3 =-51.93, VY3 = 12.85 X3 = 82.82, y3l =160.35

a5 4 sunall gUad¥) ad 5 Jysaill ualic an ol Uadll (e 4l y 5 x cillaa) o) (2 iy
il jall & sane JB 4 5l aladiinly da scadl)

ad Y 5 X Sllaa) o eV A il (ddas JS) rilalas) dea ) C¥alee 6 AUS Y ) a1 dall

;4_:.3\3

X1+Vvi= ax;+tby; +c 150.02 +v; = a(11.35) + b (-83.34)+ c
yitvw,=-bx+tay,+d = 66.82 + v, =-b (11.35) + a(-83.34)+ d

X2+Vs= aXo+by,+cC 210.08 +vz= a(74.77)+b ( -2.70)+c
yo+tvs=-bx,+ay,+d 150.01 +v,=-b (74.77) +a( -2.70)+ d
X3+Vz3= axs+bys+c 82.82+ vs = a(-51.93) + b (12.85)+ ¢
ys+vs=-bxs+ayz+d 160.35 + vg = - b (-51.93) + a (12.85)+ d

:se Jasi Matrix Form Gl ggine s ) pa A 43Ul C¥alaall e il

1150.027 vy 11135 -83.34 1 07
66.82 V2 -83.34 -11.350 1
210.15 V3 7477 -2.70 1 0
150.00 Vi -2.70 -74.77 0 1
10

01-

X

QO NnT O

82.82 Vs -51.93 12.85
L 160.351 tved L12.85 51.93

C +V = A

1.00
-0.04

135.27
149.65

X (Solution vector) = (AT A)* AT C =

19
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r 0.017
-0.02

V (Vector of residual errors) = AX -C = ?)(())i

0.01
L 0.02-

150.037
66.80
210.13
150.01
82.83

1160.37-

L (Adjusted vector of observations) = L+V =

a3 A gl Claalll (e Jil sae g dba V) (e 220 Cpaaii Al ALl DD ALY DA e
s sucaall ) alag) sllaall )5Sy (S5 Al seane SlaaS o (5 5iad Y Al dalisal) Cliplaill jany
dda il Y aleall aladiind iy Al (AU G glu) Bale axdtiog sl a2 8 53 sea all LU
A IV sl aladind e oS ) 8D 5 (Conditional Least-Squares Adjustment)
e paat s (Parametric Least-Squares Adjustment) aa )l E¥alas cada 63 e ading
a2 dda gcaal) il Jaalaall o8 Jiad Cumy alia ¥ (e AN 0¥ sl (5 gy Jaaladll (1

3OSl a5 A8 ALY 3 kLl

(318 Ao Alua 1a ) 4 Jlia

(&Y AC 5BC 5 AB il o aal g o bd e a8 C 5B 5 A Llis &30
AB =35.13+0.01 m, BC =47.25+0.01m , AC = 82.44 + 0.02m

il yall g gane JBl 4 plai aladiuly Ao saaal) bl o 2a

35\-3135@3:1\lﬂ,Lééggi.\m)g)})@\@f‘ytaﬂ\Oioﬁ;gséabajémidu\ a3 aa g )
:( BC 5 AB (siluall ida guaal) aidll U sSil5) X, 9 Xp 0l se3e (e (55585 da ) ¥ alaa

Ll +Vi=Xq 35.13 + Vi = X
L2 + Vo = Xo = 47.25 + Vo= Xo
L;+Vv3=X; + X 82.40 +v3= X; + X

20
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e deasi Matrix Form <l ghine 3 ) a8 4a3Gl SYaledll e il

35131 vip [10] o
47.25 +[le= 0 1{[x]
g2.44] lvsl |11

C +V = A X
P1: P2. Ps = 1/(0.01)°: 1/(0.01)°: 1/(0.02)*=4:4:1

0
O] s sy 4 shias
1

X (Solution vector) = (ATP A)*ATPC

_10.208-0.042 ]‘1 [222.96] _ [35.14

X= -0.042 0.208 271.44 47.26

0.01
-0.04

0.01
V (Vector of residual errors) =AX -C = ]

L (Adjusted vector of observations) = L4+V = | 47.26

35.14]
82.40

(Caliay 4588) Ll 95 a ) 5 Jlia

B il v (0,) 4 il Ayl 3l Gy ABC i i (0, , 0, , 05) Llalall L3l cuds
‘;J LS abulaall el g

0, =56°30'+1", 0,=50°45'+1", 03=72°54'+2' 0,=309°18 +?2'
ey pall & sena J81 4 5k aladiuly A suaall CLLLEN a8 ax

4 4 25y A Lad (ytiaea ) 5yl (V) ) G s alea T ol DU 13 as st dall
:(05 507 Ot g N Ada suimall il U Sal g) Xy 9 Xy (ol sene (e (5 9ind a ) DY Alasa
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0, +Vvi=X; 56.50 + v; = X3

0, + Vo =X, = 50.75 + v, = X,

03 +v3 =180 - X; - X5 72.90-180+V3= - X1 - X
04+ v3 =360 - X, 309.30 —360 + vy = - X,

(e Jand Matrix Form @l sne 3 ) ga 8 4x3Ull C¥alaall e il
56.50 V1 1 0

50.75 |, [v2[_]0 1 [X1]
-107.10 V3 -1 -1| X2
-50.70 V4 0 -1
cC +Vv = A X
P1: P2: P3: Ps = 1:1:0.25:0.25
1 0 0 O
010 O0 T
= © ) sy A8 ghiaa
P=1000250 I
000 0.25
X (Solution vector) = (ATP A)*ATPC
X=[0'828 -0.138] 83.275]= 56.476
-0.138 0.6901190.200 50.721!
[-0.024]
. -0.029
V (Vector of residual errors) = AX -C =
-0.097
[-0.021.
56.476 56° 29’
= : : _ _ 150721 | _| 50°43’
L (Adjusted vector of observations) = L+V = 72803 | = | 72° g’

309.279 309° 17’
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(Al J 9> A8 Ul g5 1)) 6 Jlia
IS ala HY1 il 5 JSEl LS A Ak O (0, Oy, Ol , Olg ) i) L5 30 caaa

o; =110°15' + 1", a, = 120° 20" + 2", a3 = 230° 30" + 2', o4 = 129° 30" + 3

OL3

Olg| Oy

e pall & gana J8 4 pk0 aladinly dda suaall dla ;Y1 a8 aa

4 48 25 A Ladd (ytiaea ) 5yl V) ) G s G alea T ol JU 138 s s )
:(0 507 O gl SN Ada gaaal) all LsSilg) Xp 5 Xg Oilsene o (s 58T da ) OV alas

o1+ V=X 110.25+ v, = X4

Oy + Vo = Xo = 120.33 + v, = X,

Oz +V3=X;+Xo 230.50 + v3 = X1 + X,

oy + V3 =360 - X; - X 12950 -360+ Vv, = - X1 - X

e Jasi Matrix Form <l gtinae 3 ) goa A 43l Yol e il

110.25 V1 1 0
120.33 N vz _ 0 1 [X1]
230.50 V3 1 1|2
-230.50 V4 -1 -1

C +V = A X

23
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P1: P2: P3: Ps = 1:0.25:0.25:0.11

1 0 0 O
P= 8 8'2052(5) 8 S B shme
000 0.11
X (Solution vector) = (ATP A)*ATPC
X = 0.871 -0.514] 193.230]= [110.24
-0.514 1.94311113.063 120.29
[-0.01
V (Vector of residual errors) = AX -C = gg‘;
l-0.03J

110.24 110° 14"
120.29| _| 120°17'
230.53| | 230°32'
129.47 129° 28"

L (Adjusted vector of observations) = L+V =

:(Q\JA-“QAJ&&MMJJUSS)7J&

Al o il i W e (py, P, P3) sk (di, da, da) oSie < e OB Cud df ddlse
a3 (5 sall land) Jass giall (8ST Cilay yall & sama J81 4 jla1 aladiinly diluall 4y gusdl)

i 13 Jadd das 5 By (55wl Y asd) o Gen A dla )l 3G JU) 13 8 as gy 1 a])
Adliuall Ao griaal) Aassll Jiay X 2a) 5 J gene o (6 5T da ) Y Aee 3 ALK

d; +v; =X

d, + v, =X
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d; +v3=X

(e Jasi Matrix Form <l ggine s ) pa A 43Ul C¥alaall e il

+ |v2| =

C+V =AX

p,0 O
0 0 p;

X (Solution vector) = (ATP A)*ATPC

p10 0 p; 0 071rd,
X= ([111 [0 P, ”D [1 1 1] [O sz”dzl
0 0 ps 0 0 pslld;

X=[p; + p2 + psl '[p:L; + p,L; + p3Ls]
= [p1L; + poL; + p3L3] / [p1 + p2 + ps]
= Weighted Arithmetic Mean

(Non-Linear Mathematical Models) 4bdll & dadly ) 7 iaill ga Jalatl

Jlm Al Cilandail) qw\g;@}@ksﬁé@ag)@mg}@@w\ Glankill e IS
JUall liliall GlKad g claliaall 5 alally  aleY) adalaill Jilice 8 Lalia Jalaal) cililan) o
Alladl oda b Jall daiall @) ghadll meaa gy Ul

(b (s plll) 8 Il

SA Gl P ilay) U seae Akl o PB 3 PA Gfiflsal) Gl o3 oae adali Al b
f YIS Sl af il 5 APB sl 3l Liayl s clflaaY) Jieslea B
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Distance PA =2961.32 m, Distance PB = 2501.10 m, Angle APB = 38° 46' 29"
SIS il A glaall LAY 28 L

Ea=17709.62m , Na=12279.78 m , Eg=17901.90 m , Ng=10425.40 m
(Y Pkl Ay ) cAilaal ab cailS

Ep =15413.70m , Np=10415.10 m
il yall g gane JB 45k pladiuly P ks cildloa) aa

&) IS aa ) c¥alae S S Gl e 5 gl seme 5 da)l 3 e JBa (g siay Al
Sle APB a3l 5 PB ddlually PA dilud) ge paill 30 5d, 50y Jsel) aladind Aaadl

(=8 A
2 2
di+vy = \/(EA-EP) + (N -Np ) = F1
2 2 P
PRAVE \/(EB -Ep ) + (Ng-Np ) = F2 - B
Ep -E Ea -E
0 + v3=arctan 5P - arc tan ATP _ F3
N -Np Na -Np

i 48 5l oY (Linearized Form) ddhaall s ) seall ) Lelisad a3l ddad e aa il ¥alas
I lelond (S (I aia il Al Al Azl ) 23lail) g V) Jelafi Y ey yall g sena
LSS kil s ) guall

d1 + v = Fl(Ep , Np)

0F1 d0F1

di+vi= Fl(EB; N3)+6—EP |x=x° (EP 'ES)+ ONP |X=x° (NP 'Ng)

o NO J0F1 0F1
(di- F1(Ep, Np)) +v1 = 3E, |x=xo OEp+ N, |x=xo ONp
(YIS sl ) suall A 5 Ll libalaall J s Jiall g

o ~ro 0F2 dF2
(dz - FZ(EP; NP)) + Vi :6_Ep |X=X° SEP+ a_Np |x=x° SNP

(0 - F3(EO,N3))+V1=GE |yeyo SEp+ oF3 lyexo SNp
0Ep *°F ONp *7¥
(oY) e Jaant b hna s ) g g Al Adadl) Y olaal) ey
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AL+V = AAX

::.

-

Ay i) al) AV aea ) CVSre (e D gl Lgad 5 la V) a8 G 35l 4nie AL
(YIS die il (S s Jialaall

di - F1(Ep, Np) d; d$
AL = |d2- F2(E3, Np)|= ldz]- df [=L-I°
0 0°

0 - F3(ES, Np)

A cUaaYl asia 2V

r VS e bua Say s Led Ayl asl) die 3 gune Jaalaall dpually oY) A8l ddshins @ A

r0F1  0F1-
dEp  ONp
dF2 OF2
E a_Np X=X
dF3 OF3

| 9Ep  ONp.-

EO i . ; .. - - 2 E
J sl ( [NE’] s) x© A5V Jaalaall a8 uaail da DU Al iy ;SN;

(Y X Ak saadl Lgad e

]M\@A:AX

AX=(ATA)" ATAL

(YIS Jaalaall X A gumall sl it
X= AX + X°
pf Cpaisle je ae iiall o AX Aaiall ualie Gy Ja Gl el e dae dall ) S5 &5 asy

&AM\@APM\JNMW\#\MJ@DSJA&& LM\}A&&M\)@L}Q
X
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S Jial Jal duabiaal dpboal) cililaall zua 5 20l <l sladll

oF1, ‘( 1 >[2<E ED](-1)= a2
0Ep " \2./(E, -EZ)2+ (N, N3 )2 B J(Es ER )P (N, ND )2

=-0.7762

dF1 B 1 o B -(N, -Np)

o, X=X (2\/(EA -Ep )2+ (N, -Np )2) [2(N, NI ()= V(B -ER )2+ (N, N7 )?
=-0.6304

dF2 B 1 o B -(Eg -Ep)

Orp =X (zJ(EB 25 )7+ (N -Ns)Z) 128 )] (1= ey

-1

2 o= () 0% ()= )

ONp X=X \ 2/ (B -Ep )2+ (N -Np )? v (Eg B3 )2+ (Ng N3 )

=-0.0041

aF3| _/ 1 \ 1 / 1 \ 1
9E; X=X°_\ (Eg -EQ )2 / (NB —Ng) ) \ (Ex -E2)? / (NA —Ng>
NN SN CTEE
-(Ng -Np) _ -(Na-NB)

= 2 2 2 2
(Ep-Ep) +(Ng-Np) (Ea-Ep) +(Na-Np)

= 0.0002
m

5i3| _/ 1 \((EB_E8)> / 1 \((EA_E8)>
N, X=X Eg -E9)? N, -N%)2) ~ E, -E9)? N, -NS )2
: \1+ EN[; _Npg>)2 (N5 -Np) \1+ ENIZ _Npg))z / (NA-NP)
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S ) R %) R 1)V SR
(Ep-Ep) +(Ng-Ng)"  (Ea-Ep) +(Na-Np) m

2961.32 2957.75 3.57m
AL=L-L°=]2501.10|- | 2488.22 12.88 m
0.67675 0.67798 -0.00123 rad

AXD= (AT A Y! AT AL=[1.0103 -1.2545] [-15.6504‘= [_12_92 .

-1.2544 4.0735]1] -2.3045 10.25

XMW= xo 4 Ax® = [15413. 70 [ 12. 92] [15400 .78

10415. 10 10.25] ~ 110425.35

pill platinly L asidl 5 A A sheadll palic af Cyaad sl e ge 25U B all dadl 1SS
BN X@ 5 AX@ Rl 2l e Jeast XD Jalaall anic jualial 4y |

0.02] m

@) =
Ax 0.04

K@= XD 4 AX® = [15400.78] +[0.02] _ [15400.80} .

10425.351 ' 10.04] ~ [10425.39

) Aty | oaniall 5 A A ghad) jualic ad Cuaadslel e pe AN 5 el dall 1S
VX 5 AXG) anal) wdl) e Jant X ialadl aie pualid 4 senal

AX®) — [o.oo] .

0.00
SIS Jilaall & guasal) gl o) e Jomni g Jall Ll S5 e i 5 el

15400.80
10425.39
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Conditional Least-Squares Technique (&) c slad) aladiuly Jal)
i (I agmi Jaall Gglad) aladiuls e el ¢ gane Ji 48 lay Javal) (Gaudad 488 ria il
A Al Bl cunliall (39 8 Led da ) Aagey 431 jae 4SS (5315 (9 Andia) Ayl juall
A AL O guie dgaslaay C 5 B bl pswie Je Jpaall C 5 B
a1 (e gy g pall (V) sl — ala yY) aae = Agda il ¥ aleall axe

1 =2-3=
1S Baal g dpka i Alalee AUS Sy el

(Ahy +vy) + (Ahy + v, ) + (Ahz +v3) =0

Y8 el (Kay Al

Vi+ V, + V3 = - (Ah; + Ah, + Ahj)

: IS il Lo el (Sa LS

V1
V3

B V = W

Matrix of Coefficients Gl b sne 1 B
Vector of Residual Errors AL eadll asia 1 V
Vector of Absolute Terms Lodall il 4nia 0 W
e deani a1 o (e (sl

V1

1 1 1] [VZI =[0.05]
V3

t YIS AL pUadY) 2 Ca

v=B' (BB* W

30



Prof. Dr. Mohamed I. Zahran Notes in Adjustment Computations

1 "’
V=|1 ([1 1 1] H) [0.05]
1 1
1 0.333 0.017
V=|1| [0.333] [0.05] =]0.333]| [0.05] ={0.017
1 0.333 0.017
:‘RA\:A\SE &M\J\.@Ji}“é\;ﬁn%‘,
3.017
L=L+V= [4.017
-7.033

HB = HA + [‘1 = 103.017
He = Hg + L, = 107.034

f YIS AL a2 cauat Hlie W) 8 o) Y1 28 JUa dasalels

v=pP'BT (B P! BNt W

b LYl o Y

1 0 0|1 1 0.013
0 1 o] H [0.25] [0.05]=H [0.25] [0.05]=[o.013]

0 0 2111 2 0.025

V=

L;LJ\S]: &M\JL«AJ;‘Y\AA.JA&,M;.U
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3.013
L=L+V= (4013

-7.025

Hg=Ha+ L; =103.013
Hc = Hg + L, = 107. 026

) sl Aty 5 AT8 s (21 Andea) lial) Ll e da
a1 (e gy g pall () aall — s yY) aae = Agda il ¥ alaall axe
2=2-4=
(Y Gala il ilalas AU (S Sl
(01 + V1) + (02 + V2 ) + (05 + v3) = 180

(02 + vy) + (04+ v, ) = 360

(S gt bua ¢Sy A
V1+V2+V3:180—(61+92+93)

Vv, + Vv, =360 — (92 + 94)

IS siadlly Legie il Sy LS
V1

[1 1 1 0] V2 _ [180— (91 + 92 + 93)
0 1 0 1l [vs|T| 360=(0, + 6,

V4
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Vi1
R M El
V4
B V = W

t SIS ALY a2 8 Cava

v=P'B"(BP* B")'W

1000] [10 [1000] 1o\
v=0100] [11 [1110|0100 11 [—0.15
1040| [1o/llo 1 o 1jj]1040][| |10 —0.05
1004] lo1 1004lf lo1
1000] [10 -0.024]
v=[0100] f11 61]‘1[—0.15 _ |-0.029
1040| [10]115 — 0.05 -0.097
1004] lo1 | 0.021]
LA\:A\S ida juadll JL».AJY“\A.LA&_L“AJJ
56.476 56° 29’
5—otv o |50721f_| 50°43

72.803| | 72°48
309.28] 1309°17’

dohadl) e dda Hdl) e alaal) Ja
Alall o3 & Jall Zaiall ol gladl) a5y U QU
o oS Ll culS 5 4o Sl J) shal llaS s ABC i 8 ddalall Ll 5 50 cund
A=14°25"18", B=58°16'04", C=107°19 12"
AB=296.05m , BC=7718m , AC=263.75m
il pall ¢ sana J Akt aladinly CHLLLEN o3g] Al saaall audl) 2a
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:Jad)
a1 (e gy s pall (V) aall — ala yY) aae = dgda il ¥ aleall axe
3=3-6=
S Ak 5 Y alae GO S Ky Gl
(A+vy) + (B +Vvy) +(C +v;) =180°
Linearized form of eqn. AB sin A—BCsinC =0 (since AB/sin C = BC/sin A)
Linearized form of eqn. AB sinB— ACsin C =0 (since AB/sin C = AC/sin B)

(SIS e bua (Say Al

Vi+V,+v3=180-(A+B +C)
(AB cos A) vi— (BC cos C) vz +(sin A) v4— (sin C) vs =0 - (AB sin A—BC sin C)
(AB cos B) vo— (AC cos C) vz +(sin B) v4 — (sin C) vg =0 - (AB sin B — AC sin C)

: ISl shndly Lie il (K LS

._Vl_
1 1 1 0 0 0 ZZ [180° - A — B — (] * /180
[ ABcosA 0 -BCcosC sinA -sinC 0 ] Vz =| — (ABsinA- BCsinC)
0 ABcosB -ACcosC sinB 0 -sinC ve — (AB sin B - AC sin C)
_V6_
_Vl_
V2
1 1 1 0 0 0 V3 -1.65x10*
[ 286.7211 0 229771 0.2490 -0.9546 0 ] va|=| -0.0526
0 155.7075 78.5205 0.8505 0 -0.9546 ve -0.0043
_V6_
B vV = W

LR IR QI JEIWS:
v=B" (BB")'W
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0.1923 rad —40” \41
/ 0.0834 rad\l —17" / Vz\
+0.1107 rad +23" l \4

—0.0032 m 0.00m |

|~
\+00020m/ 0.00 m \VS/
+0.0030 m 0.00 m Ve

;L"AUS\S Aa grcadd) o Y1 4aia oy

V=10~ 3

14°25' 18" a0 14° 24’ 38"

58° 16’ 04" /_17,, cgo 157 47"
- 107°19' 12" 4237 | | 107°19'35" |
L = L V = — I
* 20605 || 000 | 29605m |
77.18 \ 0.00 \ 77.18 m /

263.75 ) 0.00 263.75 m

Combined Least-Squares Technique geall qslu) aladily Jal)
A 550 358 Cslul) 1 aladiuly Clay el & sane il 45y jlay auall 3kl 448K maa il
5 X bilaa) o G 8 ey B el el (S ol A dadld) o il COllae ol Al )
b LS 83 g pall cilflaaY) ad (b Lale Wadll (e il y
x; = 11.36, y; =-83.33 x;'=150.05, y,'= 66.84
X, = 7T4.78, y, = -2.70 Xp' =210.07, y,' = 150.01
X3 =-51.96, y; = 12.86 X3' = 82.85, y;' =160.35
o S (s JS rilala) dua ) ¥l 6 ALK Y S oy
X1 +vi= a(x;+vy)+b(yi+vg) +cC
yi+vo=-b(xi+vy)+ta(yi+vg) +d
X2+ V3= a(Xa+Vg) +b(y2+ Vi) +¢C
Yo+t Vvs=-b(Xo+ V) +a(y,+Vvy)+d
X'3+Vs= a(Xs+Vvy)+b(yz+vy)+c
Y3+ Ve=-b (Xt Vi) +a(ys+vi)+d
1ba Y sy gl day YIS it (S )
150.05 +v; — a(11.36+v;) —b(-83.33 +vg)—Cc=0
66.84 +v,+Db (11.36+Vv;) —a(-83.33+vg)-d=0
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210.07 + v3— a (74.78+ vg) —b (-2.70 +vy)—Cc=0
150.01 +v4 + b (74.78+ vg) —a (-2.70 +vy0)—d =0
82.85 +v5— a(-51.96+ vy;) —b (12.86 +vy,) —c=0
160.35 + vg + b (-51.96+ vy;) —a (12.86 +vy,) —d =0
SIS 8 ghadly Lgie il (S LS
AX+BV=K

Y alae Gy ) sf o laalag) S0y U 5 Jo sl pualind Gy a1 aly b ghunall 8 oy g2l e
rdasail) jualind 3o Ay 55 28 A5V 4l Uadll (e 4308 sla )Y aaan i)

a’=1,b°=-0.04, c® = 135.25, and d° = 149.61

21136 8333 -1 0]
8333 1136 0 -1,
Ax<|7478 0270 -1 oflb
0270 7478 0 -1l|c
5196 -12.86 -1 0] ¢
.12.86 -5196 0 -1
_V1
\'4
1 00 0 0 0 -a -b 0o 0 0]|Vs
010000 b -a 00034
5
Gy-|0 010000 0 -a-b 0 0
0001000 0 b -a 0 0flw
0000100 0 0 0 -a-bff
0000 010 0 0 0 b -allvg
Vi1
Vi2
with
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1 0 0 0 0 0 -1 +0.04 0 0
0 1.0 0 0 0 —-004 -1 0 0
B= 0O 01 0 0 O 0 0 -1 +0.04
0O 001 0 O 0 0 —-0.04 -1
0O 000 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
and
'—(150.05 — 11.36 (1) + 83.33 (—0.04) — 135.25)
—(66.84 + 11.36 (—0.04) + 83.33 (1) — 149.61)
K= —(210.07 — 74.78 (1) + 2.70 (—0.04) — 135.25) | _

—(150.01 + 74.78 (—0.04) + 2.70 (1) — 149.61)
—(82.85 + 51.96 (1) — 12.86 (—0.04) — 135.25)
|—(160.35 — 51.96 (—0.04) — 12.86 (1) — 149.61)]

Aa
Ab
Ac
Ad

51) XO AW Jaalaall 4 Cupaaih A 33U 2l Jiag g3l 5 (

AX =(AT(BB)*A)! (AT (B BN'K)

—0.001
—0.001
+0.024
+0.019

0
0
0
0

-1
—0.04

'—0.1107
—0.106
+0.068
—0.109
—0.074

L+0.042-

o O O

0
+0.04
-1

S1) AX Jall 4adia sl 21y

aO

. 0
NS ( lc)o

dO

t Y Jalaall X 4 sunall LS Gt

X= X° + AX

+0.999

| -0.041
A= 135.274
149.629

Cuani e e aa Liall (e AX daiall jualic i i S all e e Jall 1S5 o Cuns
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;‘“;\IJLS V oeWadl) aaia g

V =BT(BBT )™t (K- AX)

—0.0037
+0.008
+0.007
—0.002
—0.004
v= |—0.005
+0.003
—0.008
—0.007
+0.003
+0.004
.4+0.005
&LASZ.L)MAM JLLA‘);\X\‘*.;:‘»AK__LHAA:\}
1150.057 1—0.0037 1150.0471
66.84 +0.008 66.848
210.07 +0.007 210.077
150.01 —0.002 150.008
82.85 —0.004 82.846
[ =L+V =]160.35 —0.005 160.345
11.36 +0.003 11.363
—83.33| |—0.008] |—83.338
74.78 —0.007 74.773
—2.70 +0.003 —2.694
—51.96| |+0.004] |-51.956
L 12.86 1 140.0051 L 12.865
(AL (pe Ao ganay jay aiies Dol ad] cBlalaa Slag)) Jlie
b LS Balas )Y (X,y) <l Al cilfilan) bl ass
P (2,2.2) , p2(3,2.9), ps(4,42), ps(5,51)

Mo V1 5 L gunall cUadY) a8 SIS 5 Lalal oda (g Jay yy afss Jod Juadl ) jie el
e pall & sane JB 4y sl Laya da sacadl)

bsadusy=ax+bh adiud ldll daees ) ga 330) ) OValae 4 LS Yl 25 1 dall
sarfiiaall Jadd) &l yiatia
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yi+Vvo=a(X;+tvy)+b or 22+v,-a(2+vy)-b=0
Yo+tVvs=a(XtVv3)+b or 29+vs-a(3+vy)-b=0
Y3+ Vg = a(X3+ V5) +b or 4.2+ Vg - a(4+ V5) -b=0
y4+V8=a(X4+ V7)+b or 5.1+V8-a(5+ V7)-b=0
AX+BV=K
-2 -1
1 -3 -1 Sa
AX-= 4 1 sh
-5 -1
_vl_
()
—-a® 1 0 0 0 0 0 0]]vs
0 0 —a° 1 0 0 0 0] Vs
BV=
0 0 0 0 —a° 1 0 0]]Vs
0 0 0 0 0 0 —a° 11|vs
Uy
[ Vg ]
_vl_
[
-09 1 0 0 0 0 0 0]|vs
| 0 0 —-09 1 0 0 0 0]|Va
BV=lo 0 0 0 -09 1 o0 0f[vs
0 0 0 0 0 0 —09 11|ve
U7
[ Vg ]
—(2.2 —2a° — bo) —0.1
K= —(29—-3a°— bo)] | 01
- |-(4.2—-4a°-b%| [-03

|-(5.1—5a0 —b%)| 1-03

asieual) 1ol ) jeial Ay i) o)

a®=0.9
b°=0.3

AX = (AT (BB)*A)! (AT (BB")'K)
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_[+0.10
AX = [—0.20

o . B .
&d}mﬂ([go] ) X% A oY) Jaalaall ad Cupaail da U adsll o ﬁg] Jall 4aie - AX
(VS X A guadl o

(YIS Jaalaall X dda grzaall claeSl) s

X=AX+X°

ﬁﬂ@d&'&\.{;\f@)&mﬂwAX‘\AI\A\)aL\Q&.\}QS&;Q\)A\‘_}AJJQdﬂ\)\)ﬁeﬁ:\&_\:\x
JMBA\M}AM\JJMLM\#\?\M\JSJAJS@ K‘\ALJ\JB:EM\HMQ
. X

X:[oi]

V =BT(BBT )™t (K- AX)

+0.057
—0.06
—0.01
+0.11
+0.05
—0.06
+0.00

L—0.00-

‘éJJLoS;UnM\ ALAJ;\X'\A.;JA;.LL»;.U

21 [+0.057 [2.05]
22| |-006| {2.14
3 | |=0.01] [2.90
_ 29| |+0.11]_[3.01
L=L+V=10 " +0.05 [ [4.05
42| |-0.06] |4.14
5 | |+0.00] [5.00

-5.14 L—0.004 L5.10
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Error Ellipse

- - - - 2
Given the variance covariance matrix [” Ep TEpND

2
OppNp O Np

point P, the orientation (t) and the dimensions (oy, oy) Of the related error Ellipse
can be obtained as follows:

of the E,N coordinates of a

ZO'E N
Tan 2t =———2—2—
o Np_o Ep

GZU =62Ep SII’]Z (t) + ZGEp,Np Sin (t) Cos (t) +0-2Np Cos? (t)
GZV :GZEp Cos? (t) - ZGEp,Np Sin (t) Cos (t) + GZNp S|n2 (t)

The following example illustrates how to determine the orientation and
dimensions of error ellipse.

Example

Plane rectangular coordinates of a point P are calculated using the following
equations:

Er = E; +dSin (o)
Np = Ny +d Cos (o)

Given that E, and N, are errorless and the respective std. dev. values of the
measured distance d and the measured azimuth o are £0.02 m and +10". d =
550.60 m and a = 44° 30' 00". Compute

a) Variance covariance matrix of Er and Np.
b) Orientation of the standard error ellipse of the position of point P,
c) Semi-major and semi-minor axes of the standard error ellipse of the
position of point P.
y; el (e (42e f) Ao sana Y S 1Y) (7) Andaa A1 sl elUadY) JlEm) o 58 g sa
(O ;A siad) ol priall (e (Anie f) Ao gana 8 Al Lgie JS

vy = Jyx Zxx ]sT(X
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oSel Jidl Siliae e @lls Gulky

) OF1  oF1 " OF1  OF2
[0 Ep UEp,Np] _lad oa [U d Jd,oz] ad  ad
2 T |oF2  OF2 2 oF1 OF2
OEp,Np 0" Np — —| %, 0« _—
od oa o oa
2 . 2 .
[0 Ep  OEep Np] _ [sma d cosa] 0%a Ud,a] sin a cosa ]
2 - _ : 2 _ :
OnpEp  O°Np cosa —d sinal |g;, 0°¢| ld cosa —d sina

“10.713 —385.921 92.715 —385.921

2
_0.701 392.715] (0.02) 0 0.701 0.713
0 (e [3

206265

_[+0.000588 —0.000186

% Ep OEp.Np |_
—0.000186 +0.000589

2
OepNp O Np

Ogp = i 0.024 m.
ONp — i 0.024 m.
ogpnp = — 0.000186 m”.

ZO'E N
Tan 2t =———2——
(o) Np_o_ Ep

2(—0.000186)
6%Np—02Ep (0.000589-0.000588)

=270° 18' 29"

t=135°09'14.5"

GZU :GZEp Sin2 (t) + ZGEp,Np Sin (t) Cos (t) +02Np Cos? (t)
o2 =0.000277 + 0.000186 + 0.000284 = 0.000747

oy = 0.0273 m.

O-ZV :O-ZEp Cos? (t) - ZGEp,Np Sin (t) Cos (t) + O-ZNp Sin2 (t)
o2y =0.000276 - 0.000186 + 0.000280 = 0.000370

oy = 0.0192 m.
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x2Test: Goodness of Fit

At the completion of a least-squares adjustment, the significance of the

computed reference variance, o2, can be checked statistically. This check is
often referred to as a goodness-of-fit test since the computation of &, is based
on Y, v2. That is, the computed reference variance gets larger with large values
of residuals, and thus the model computed deviates more from the values

observed.

The x? distribution checks the computed (a posteriori) reference variance

against the a priori reference variance through the following two-tailed test:

Null Hypothesis:

_/\2_ 2
H,: 6," = o}

Alternative Hypothesis:
HA: 6;2 * 0(2)

The test statistic is given by

o2
, UVO;
X_

5
Where:
v Number of degrees of freedom

o2 A priori reference variance

62 A posteriori reference variance

The null hypothesis is rejected when the value computed is either less than
e /2,v OF greater than X /20 » Where a is the level of significance (confidence

interval is 1-a). This means that the computed variance is outside the
constructed confidence interval for the a priori variance.

Upper rejection
region —=

a/2

Acceptance
region

1-as2w Tadgw
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The table illustrates the critical values for the y? distribution
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Example

Given the a priori reference variance o2 =1, a posteriori reference variance 82
=2.20, Number of degrees of freedom v = 13. Test the null hypothesis that ;>

= o2 considering that a.= 0.01.

Solution

The test statistic is given by

2 'U(/fE _ _
X°= == 13(2.20)/1 = 28.60

o

By looking at the table above:

Lower testvalue = x{_,/5,= X599513 = 3.57

Upper test value = xZ /5, = X6.005,13 = 29.82

Since the value of 62 Is located between the lower and upper test values it means
that the computed reference variance passes the test and the null hypothesis is

accepted.

Example
Given the a priori reference variance o2 =1, a posteriori reference variance 82
= 2.55, Number of degrees of freedom v = 12. Test the null hypothesis that ;>

= 02 considering that a = 0.05.

Solution

The test statistic is given by

2 _ VO3
X°=—= 12(2.55)/1 = 30.60

o

By looking at the table above:
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Lower testvalue = x{_, /5, = X697512 = 440

Upper test value = x3 /5, = X6.025,12 = 23.34

Since the value of o2 is not located between the lower and upper test values it
means that the computed reference variance does not pass the test and the null

hypothesis is rejected.

The rejection of the null hypothesis may be due to blunders in the data or an

incorrect decision in selecting the stochastic model for the adjustment.

Blunder Detection

Considering parametric least squares adjustment, this procedure is to be

followed in case that the y? test fails:

a) The cofactor matrix of residual errors Qvv can be expressed as follows:
Qw = PT-AQux A ;
where Qxx cofactor matrix of estimated unknowns
Thus;
Qw = P'T-AATPA)TAT
b) Standardized residual v, for an observation i can be computed as follows:

7= =
L i
Where:

v; . residual error of an observation i
q;; - ith diagonal term of the matrix Qvv

c) The test statistic t; for consideration of an observation i as a blunder can be
given by:
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In practice, it is reported that 3.29 works as a criterion for rejection of
blunders. This means that an observation i is rejected when its ¢t; is larger
than 3.29.

d) In order to identify and get rid of blunders (outliers) from the observations,

the following steps can be applied:

. Locate standardized residuals where % > 3.29.

()

1
2. Remove the largest detected blunder.
3.
4

. If the x? test fails, continue steps 1 — 3 until detected blunders are

Rerun the adjustment process.

removed.

If more than one observation is removed in steps 1 — 4, perform the
adjustment process again using the unremoved observations with each
removed observation at a time. This is to check the observation to see if it

Is again detected as a blunder. Ifitis, it has to be removed or reobserved.
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